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Abstract—This paper presents an approximate analysis of the binary boundary-layer equations under
conditions in which the external flow field pressure gradient is not zero, and the flow Mach number
is not necessarily small. Expressions for the skin friction and heat-transfer coefficients are derived
together with formulae exhibiting the explicit effects of injection. The results are compared with exact
numerical solutions for a wide range of flow conditions, and the agreement is very close.

NOMENCLATURE

A, skin-friction parameter defined by
equation (41);

As,  constant defined by equation (25);

As,  constant defined by equation (30);

B, mass-transfer parameter defined by
equation (50);

B’,  mass-transfer parameter defined by
equation (41);

c = , density viscosity parameter;
Pelte

C*, Chapman—-Rubesin parameter;

C;,  skin~friction coefficient;

Ch, Stanton number;

Cr,., Stanton number based on conduction
heat transfer;

Cp,  specific heat at constant pressure for
mixture;

Cpr, specific heat of frozen mixture at
constant pressure;

Cpi, specific heat at constant pressure for i
component;

Dis, coefficient of diffusion;

£ modified stream function;

Jows surface mass-transfer parameter;

fo = M(Rez)*, modified surface mass-

Pelre
transfer parameter;

t This work was sponsored by the Office of Aero-
space Research, Aerospace Research Laboratories,
under Contract AF 33(616) 8453.
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F*,  function defined by equation (73);
F(n), function defined by equation (35);

= H—, total enthalpy ratio;
H,

, function defined by equation (92);
, specific enthalpy of mixture;
hy, specific enthalpy of i component;
total enthalpy of mixture;
Ki,  mass fraction of i component;
k, thermal conductivity;

oQ

=0

=

__ CorpDy2
Tk
M,, free stream Mach number;

A;, molecular weight of ;i component;
4, mean molecular weight of mixture;
D, static pressure;

L , Lewis number;

C
p = ka, Prandtl number;
q, local heat-transfer rate;
gw,  surface heat-transfer rate;
UeX
Rey = pelle , Reynolds number based on free

e

stream quantities;

Ry,  universal gas constant;

R, mean gas constant of mixture;
S

T,

=_F » Schmidt number;
pDi12

temperature;



u, v, velocity components in x and y
directions;

Vi,  diffusion velocity vector of i compo-
nent;

X, Y, boundary-layer coordinates.

Greek symbols

a, mass-transfer parameter defined by
equation (53);

B, pressure gradient parameter;

B, pressure  gradient parameter for
M= 0;

Vs ratio of specific heats of free stream gas;

€ jg sz defined by equation (22);

@, defined by equation (34);

&, stream function;

7, &, transformed coordinates;

Tw,  wall shear stress;

s coeflicient of viscosity.

Subscripts

1, refers to foreign gas injected at surface;

2, refers to air in free stream;

e, evaluated in the free stream;

w, evaluated at the wall;

0, evaluated under conditions in which
the wall mass transfer is zero, but the
wall  temperature is maintained
constant;

wAD, evaluated under adiabatic wall con-
ditions.

INTRODUCTION

THE PROBLEM of mass-transfer cooling of
vehicles moving at high velocities has been
considered by several authors. The general
approach, however, has been to solve the
complex differential equations by numerical
integration on a digital computer. This method,
while it provides solutions of very high accuracy,
only provides solutions in numerical form.
This drawback is very great, particularly from
the designer’s point of view, since in any specific
problem the complete integration must be
carried out. For most practical configurations
the procedure becomes exceedingly complex,
and for problems involving the prediction of
surface temperature variations during a reentry
phase, this is particularly true.
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It was on consideration of these difficulties
that a paper was published by Li[l] in which
a method of approximate solution of the binary
boundary-layer equations was presented. Li’s
paper, however, dealt only with the case of the
flow over a flat plate. The purpose of the present
paper is to extend the approach so that it may
be applied to the general case with a non-zero
pressure gradient. The specific objective is to
provide formulas for the evaluation of the skin-
friction and heat-transfer coefficients, so that
the effects of injection may be observed. The
results of the analysis were compared with
exact solutions and showed very good agreement.
However, for the case where neither the Mach
number nor the pressure gradient was zero,
exact solution was not available, and so the
accuracy of the present method is not known.

The present method of solution is immediately
applicable to more complicated problems such
as vectorial injection; this may therefore serve
as a possible extension. Also, the derived
expressions for the heat transfer may be used
in numerical procedures to provide relatively
simple solutions to the transient heating of a
high-speed vehicle.

ANALYSIS
The equations of flow for a binary boundary
layer over a surface with non-zero pressure
gradient are:

(pu) + (pv) = 0 continuity equation (1)
w | e o o ou
Phgx T PP%y gy ex  op\Mey

momentum equation (2)

oT oT ou
puCpFé;+ vapFaj;—u 7=

oy
2 oT or 8K1
T oy (k W) DG = Gl 5y
op .
+ug.  energy equation (3)
8K¢ 6Ki 0 ( 8K1)
“ox e 7 ey

diffusion equation (4)
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where Z =

These equations have been derived by making
use of the usual boundary-layer approximations.
The diffusion equation was derived assuming
thermal and pressure diffusions to be negligible
relative to mass diffusion.

The boundary conditions on this set of
equations are:

y:(), u:0, T:Tw, K1=K1w (5)
___puDu (oK

(ptho = — 722 Klw( ay)w ©)

y>00, U>Uy, T->Tey Ki—>0. (7)

Equation (6) states that the overall velocity at
the surface is equal to the relative diffusion
velocity. Equations (5) and (7) are the conven-
tional conditions usually used in the integration
of boundary-layer equations. The momentum
and energy equations may be combined to
yield a modified energy equation:

G Ny

ol 56
oK

2
o fL—1
+5[ I pDiz Z hi 3y] ®)

It is now desired to reduce equations (2), (8), (4)
to total differential equations by assuming
similar solutions.

The transformation equations necessary are:

Y

__ Pelie | p
7]_ (25); Jpedy (9)

(10)

We may define a function (x, y) to be the
solution of the continuity equation, and thus,

o &
3y_ P and —3_);: — pv

z
fzj Peue,ngdx
0

(11)
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In terms of the transformed variables, we may
express ¢ in a non-dimensional form,

(€, n) = Q2O f () (12)
and hence from equations (11) and (12)
u .,
=1 a3

Let us introduce the solutions of the energy
equation and diffusion equation in similar forms:

H
H,™ g(n) (14)

and K; = Ki() 15)

Thus, by introduction of the variables » and ¢,
and f (), g(n), Ki(n) we may obtain the following
forms of equations (2), (8) and (4):

2¢ due e
(=2 (=) a9

¢ N 2 A
(o) +8 =55

+ 5 (- ) «ry |
+[5lz-

K' '
)5 w
i=1
AN ,
§K) +rKi=0 ay)
[T . L .
where ¢ = is the density-viscosity ratio.
Pe e
The transformed boundary conditions become:
H,
nzosflzosg:ITw’KlzKlw, 1
e
' S Kow

n—>0w,f >1,¢g->1,K->0

Since we have assumed similar solutions, it is
necessary that all coefficients in equations (16)
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and (17) should be independent of £. Thus, the
term (dH./d¢) in equation (17) must be taken

... 2¢ dH,
as zero, or the quantity H, 4 must be con-
e

stant. However, if we assume constant total
enthalpy in the external flow, then the first
condition is satisfied.

If we use the assumption that the pressure
variation across the boundary layer is negligible,
then we may obtain the density ratio:

Pe_-//{ecpe '}’e‘—l 9 2
= e T e e

According to the simple kinetic theory, we have

1)

where j; = the effective number of degrees of
freedom of the i gas. It follows that

_Cpee//[eNCpe-/le je+2_

¢ Cp M NCpF]:jM+2 2)
where
(e -+ 2)/21 = {33 KA [+ 221
3 (i),

Thus e, as defined in equation (22), is a function
of the mixture composition. For hydrogen—air
mixtures we take € = 1. In the case of helium-
air mixtures in which the helium concentration
is small, we may take ¢ = 1.
Thus equation (16) may be written:

1ZAY rr 25 due

@ + 0"+ 3

e — l 2
(147 M) —rH =0 @
Let
2¢ du, ve—1,,)_ 26 dM.
we dE (““ 2 Me)_M,, a —F @
Thus, for 8 constant:
M, = Az (§)F2 25
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This relation gives the external Mach number
distribution for similar solutions.

Thus for non-vanishing Mach number in the
external stream, the equations are:

)y + 1" +Beg— =0

(oo +sw= et 1) Sur]

=1

[ -rr]

(5%) +rK =0

(26)

(28)

These equations must be integrated with the
boundary conditions as given in equation (19).
Clearly, equation (27) cannot have similar
solutions unless the term u%/H, is either zero
or a constant, orif P = 1.

In the case u2/H, = 0, (or M, = 0) from equa-
tion (24) we have:

2¢ due
. dF 29)
Thus, for § constant
ue = As (£ (30)

which gives the external velocity distribution
for similar solutions.

The three equations to be solved, for M, = 0,
are:

"y + 1" +BE—,H=0 (D
(f’g,)'—l_fg’:Hie[g (zl,— I)th K;] (32)
(EK,')’—F fK, =0 33)

METHOD OF SOLUTION

The method of solution adopted is similar to
that used by Li in [1]. The method is also based
on an analysis of the laminar boundary-layer
equations by Meksyn [2].

It is necessary to solve the set of nonlinear
differential equations (26), (27), (28) with the
given boundary conditions. The solution is
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based on the assumption that f''(y) being a
rapidly varying function may be expressed in the
form:

S () = exp [—F(n)] ¢(n) (34)

where

Fin) = Jf(n) 35)

1}

First, however, we must obtain f(5) expressed
in the form of a power series in % which satisfies
the boundary conditions. Clearly, this may be
done by substitution of an assumed series for
f(n) into equation (26). It can be seen that the
function g(n) also appears in equation (26), and
so to obtain a first approximation we assume
Crocco’s integral to be valid, i.e.

=guw+ () (1 — gu)

Surely this expression is only valid for P =1,
L = 1 and B = 0. However, so long as g(n) may
be expressed in the polynomial form

2(n) = gw + z a1t

Then to the order of accuracy of the present
theory, the solution is not affected by the
substitution of Crocco’s integral.

Having obtained a power series expansion
of f(n), we now proceed to substitute this into
equation (26) which may be regarded as a
first-order linear non-homogeneous equation in
f"'(m). Thus, f"(y) can be obtained in the form
of equation (34).

Knowing f''(n) we may then integrate the
expression and apply the boundary conditions
at infinity to determine a single unknown
coefficient.

&) (36)

(37

Solution of equation (26)
Assume

() = (38)
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Using the boundary condition f'(n) = 0 at
7 = 0 it follows that

a =0,
Similarly, using equation (19),

1(0) Cw

a0 = KZw Sw (39)

Thus, let us take:
0) ¢ . N anpn®
=50 4y > U o)
n=3

Let

K{(O) Cw

T2 _ _ B

KZw Sw
and

[ (o)

6cu A 41

Since we are mainly interested in quantities at
the surface (n = 0), it is permissible to take
¢ = ¢y in equation (26). Thus, substituting
equations (38) and (36) into equation (26), and
equating the coefficients of »® in the resulting
equation to zero, we obtain:

an+1

Cu an+3
gw) N'

+ B(1 — + iBgw

dn+1 AN-n-+1
—BZ(n+1)!(N—n)!:O (42)

where

i=0 for N#£0
i=1 for N=0

Thus, we may obtain any coefficient, ay, in
terms of ap and as. However, g2 remains un-
determined even though a; and ap are known.
From the form of the equation, the reason for
this is clear.

Computations using equation (42) give the
following results for the coefficients.



ag= — B, a =0 az = f""(0) = a,
B'a — Bguw
ag = =,
Cw
B;Z __ B/
ai = —2@(1 — gu)a + »—“—72-@5&— 43)

Taking only the first two terms in f(»), we may
expand the exponential in equation (34) to give:

2

exp [ F)) = 1421 3
B,a a .
N -
-+ (6C;’) 6Cw) w4 ... (44)
Let us take
[es] b 2
@) = Z -;i? (45)
n=10
Then
7’ B’
F7()=bo+n (bo— + bl)
Cw
boB" blB’ be
2 Z1 v2
(Gt 4S) @

Bgw

[ exp Bny exp () (a — P22+
0
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However, from equations (40) and (43) we have

aoa + Bguw
8T P
1

f”(’]) —a— + [—B(l — &) 57

+ 2 “;B’gg‘”] ot @)

223

Comparing equations (47) and (46) yields

by = a, b = — @g{w,
Cuw
B'Bg a
b= TP By
Cw Cw
Thus, by equation (45), we have
2 BB w
) =a— il “n+ [-"ci
w w
7}2
~80 — 64| o) @)
where
= B (50)
Cuw

We now apply the boundary condition f () =
1. Thus, taking only the first two terms in
f(n), we obtain:

[P (51)

2
80— gy 64| ) an =1

This equation may be integrated in the form of gamma functions to give:

2Cw A48 Z

o

[P N o
3Cw n!
n=0

where

a —

Taking equation (52) for 4, we have

(Ztl) T [1 + B — gw) Z r(n + 3”
(7 -

ﬁgw antl n+3\1
6w L, (n+ D! r( 3 )] =0 e
2 (53)

4¢w T(3) (1 - 0-51a)

. { 1+ B0 = gu) (1 + 08%4) + ({1 + £ (L~ ) (1 + 084a)P + 9-658g (1 + 08T50)3 ]

(54)
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where we have taken terms to o(a) only, i.e. we have assumed a <€ 1.

Returning to equation (49), it is clear that unless gy is small the series diverges rapidly except
for a low range of values of . The quantity exp [—F(n)] ¢(z) is of primary importance, and the value
of its integral has been derived on the assumption that g(z) is a slowly varying function in comparison
with exp [— F(n)]. Thus, if ¢(5) becomes divergent for small values of », the value of the integral
determined by taking only three terms in ¢(n) will be considerably in error. The convergence of
@(n) therefore has to be improved, and this is done by the use of Euler Transformations (see [3]).
The series thus obtained was:

BBgw

Cw

2
o) = a— 0563 2y - [P g1 gy 64 5+ ot 59)

The expression for 4 thus modified becomes:

A=
{1 +(8/16)(1 — gu) (14 0-894a) + [ {1 + (8/16) (1 — gu) (1 + 0-894a) 12 - 5456w (1 + 1-13a)]¢)32
4cw (1 + 0551a) () }

(56)

Solution of equation (28)
Let us now return to equation (28), the diffusion equation. This equation may be integrated to

give:
Ki(n) = K{(0) j exp {— y [(Sw/cw) £ () dn]} dy + K (57)

Again, we have taken the value of the flow parameters (P, ¢, S, etc.) to be that at the wall.
On substitution of the first three terms of f(x), equation (57) becomes:

n
Ki(n) K
= Blj {exp (Brn)} {exp (— Axr®)} {exp [(Drr)/241} dn + ° (58)
2w 2w
0
where
S
Dy =— 2 (Ba - ﬁﬁ”), A1 = Sud, B = SuB
Cw Cw
Thus, using the boundary conditions at infinity, we have
K
B | foxp (Bun)} exp (—dur)} fexp (D241} dn = (59)
[}

The left-hand side may be evaluated using gamma functions as before. Thus to o(a) only, we obtain
the following formula:

Kw _ PR) o T'(3) SwPgw 473
re =y osw {1+ e (0

It can be seen from equation (60) that unless B and g, are very large, the terms involving 8 are small
and may be neglected.
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SKIN FRICTION AND SURFACE MASS TRANSFER
Now, from equations (41) and (56),

6 2(5, a)

Where
AB, @) =
1 + (8/16) (1 — gw) (1 + 0-894a) + {[1 + (B/16) (1 — gu) (1 + 0-8940)? + 54588 (1 + 1-13a) }}
(1 + 0-51a)
Also
. KowSuwadi(8, o)
KO == "rge ©
Define the surface mass-transfer parameter as
— K;(o) Cw _ 1/3
fw = sz Sw - aCy A (63)
. __ach M8, o)
fe. fu = — e (64
The skin-friction coefficient is defined by:
—_w 65
Cs $pe i} (63)
where
- ou Pw Pw Y e ’r
i (3), = PO O (66)
Thus, we have
6(2)% 2 Aue
Cr=— —2 W'~ 67
f (g)g ( )
For the case M, = 0, equation (67) becomes
6(2) c% A )
= 1)* 68
= Ryt D ©
where
. Pe UeX
ex — .
and
B
28

SURFACE HEAT TRANSFER
The heat transfer across the wall is made up of three components:

(a) Conduction heat
(b) Diffusion heat
(c) Radiation heat
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The last of these three quantities will not be considered here. Therefore, considering only the
first two, we may write the surface heat transfer as follows (see [3]):

o (), - D (), + e ()]

whence we obtain:

o — Pl [ TG K;(©) - (-2} @

Py (26)} Te Cpall + (ve — 1)/2 M?] | Kow Cp
which, for M, 0, becomes
_ CwueHe (m + 1t Tw Cpl [ ( C_pz)]}
o= — S {0 + 1 KO - 2

Thus, we may use equations (70) or (71) to determine the heat transfer to the surface. The quantities
K,(0) and K1, have already been expressed as functions of the parameter a, and so it is now necessary
to obtain a similar expression for g,(0).
In order to do this, we refer back to the energy equation (27). This equation may be integrated
to give:

gln) =1 — | (Pujew) {exp [— I (Pufcw) £ dn)} f fexp f(Pw/cw)fdn]} F*dydy —
{['7 (Puie) foxp 1= [ (Pulcu) £ d”f)] / [Z’(Pw/cw) exp = | (Pufen) ]} dn]} X

{1 — (Huw/He) — o{j(l”w/cw) {exp [— JZ (Pulcw) fdn]} f: {exp [ [ (Pufcu) f dnl} F* dy dn} (72)

where

re= |0 -ro 3 O ko] 5 [ @o-vrr]| )

Hence, we obtain:

g(0) = { 1 — (HufHe) — f (Puew) texp [ ] (Pufea) a1} § (exp 1} Puleu) £ a1} F* dn} /

«© 7
6[ {exp [— of (Pu/cw) fdn]} dn 74
As has already been done in previous sections, the flow parameters c, L, P, etc., are taken to have

their wall values.
To evaluate g'(0) we must integrate the expression:

J = O_E(Pw/cw) {fexp[ — f (Pufcw) f dn]} Tj {exp [ T (Pufcw) fdn]} F* dy dn (75)

This integration is carried out in two parts, corresponding to the two terms in equation (73).
By suitable approximation, we may obtain:
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J= S (P (1= Pulh /7@ SO} + (U~ L) O — o S
+ *2%: (1 — Py) %vf(o) I -+ 2%;; (1 — Py) % Iy (76)
where
L= ‘T exp [— F(n) Pu] dy (77)
and
s = J exp [ — Pu Flo) fexp [Pu FI @) /(& — 7)) dn dn (78)
Thus, we may obtain from equations (74) and (76),
Hy 2 .
£© = 17 {1 = 7 = g (1= P (1 = Pald +/"@F @) = (1 = L) (b = R h
2 » 1
g —r (B o n - B 9

It may be noted that the pressure gradient parameter, 8, assumes its maximum value in the stagnation
region where u, — 0. In general, therefore, we will have two regions of flow, one in which the pressure
gradient is large and Mach number small, and one in which the pressure gradient is small and
Mach number large. In these regions the error caused by the neglect of the terms containing
B(u2/H,) should be minimized. There may be, however, a third region between these two in which
both pressure gradient and Mach number are fairly large, and therefore these terms must be
considered.
It now remains to evaluate the integral [;.
Taking only the first three terms in f(y), we obtain:

1 N a” " n—+1 Bgy, — B'a ~ a® u n-+35
h= 3 ampis Z PR "T( 3 ) + T3¢z 458 pe z nl Lo ’T( 3 ) (80)
n=0 [}

n==

Tt is clear that the second group of terms only becomes of significant value when both the pressure
gradient and injection rate are large. The magnitude of this term is also dependent upon the value
of gw, which becomes large when the injected gas has a high specific heat. Therefore, from equations
(70), (79) and (80), it is possible to calculate the heat transfer at the plate surface.

STANTON NUMBER
It is usual to incorporate the heat-transfer rate into a non-dimensional coefficient termed the
Stanton number, which is defined as follows:
quw
Cu = 81
H pete He [(Hw - HwAD)/HE] @D
1If we now consider the case when the heat-transfer rate is zero, i.e. adiabatic wall conditions, then
from equations (70) and (74) we obtain:

Hywap Twap Cp1 Ki(0) 1 {L’”_ B ( B g?;z)} B
L=, T TGl & (o= DRI M2 \Kew ~ \' 7 G} =0 (82)
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Assuming that
[K:(0)]ap hhap = K (0) I

But
Hy _ Tw [Kiw (Cp1/Cp2) + Kou) (83)
He ~ Te {1+ [(ye — 1)2] M2}
and
Hyap  Twap [Kiw (Cp1/Cp2) + Kau) (84)
He — T, {1+ [(ye— D21 M2}
From equations (82) and (84), we have
Ky (Cpl/cpz) + Kow Te ___ K{(O) I (CPI/sz) {_ N } _ Te
[+ (e — D21 M2 T Tuap ™™ ™ T+ [e — D21 M2 (Ko ~ 1~ (GO = 7
(85)
where
f " Twap [(Cp1/Cp2) — 1)(1 — Ly) K,(0) I
Jwap = (1 Pl =Py +f (O)f(O))]wAD + T, 1+ (ve— 1))2 Mf]
(86)t
If we assume that Pyap = Pu, Lwap = Lw, Kiwap = K, then, from equation (85) we obtain:
TwAD _
T.

{l — (u22He) (1 = Py)[l — Pu (3 + f"(0) f(oD]} {1 + (ye — 1)/2 M2} ]
K10 (Cp1/Cp2) + Kaw + K1(0) I {[(Cp1/Cp2) — 1 (1 — Lu) — (Cp1/Cpe) [(Luw/Kzw) — 1 + (Cp2/Cp1)1}

@87
Thus, combining these results with equation (70) yields:
_ Pwpwtie He TeTw uz "
ww=— B |1~ T | [1— 3, POt — Rt @ )] @9
here we have assumed that [f""(0)lap = [/ (0)].
Hence, we have from equation (81),
Cry — Cubte (Te/Twap) [1 — (W2/2He)(1 — Pw) (1 — Pu {} + 1 "(0) £ (0)D)] (89)
SRR NCYSTIA Kiw (Cp1/Cp2) + Kau
Alternatively, from equations (82) and (76)
u? " H 1 — L) (h1 — ho)w _,
L= g, 0 =P (L= Pult +770) o) = et UL a = Pido o,
1w Ly C
_ 1H‘:D Kj(0) I [— -1+ Ezﬂ (90)

1 Hereinafter, we shall omit the last term in the J expression in equation (76).



1228 TING YI LI and PHILIP S. KIRK

thus,
_ Cw pepretie He [Hyap — Hy
N NI ( 7 ) “ ©n
where
KL & K(5L [L
G=1—(Lyw—1) (1 — h2)wan 1;2 P IWADH o) 1 [E“L -1+ g_pj (92)
e w 4
From equations (81) and (91), we have
CH)[;LgG
Cy= - :
H P26 In (93)
From equations (67) and (93),
2pus S GA? (94)

“ 200 (anfnt) PR T + 1)f3]

where we have neglected the second group of terms in the I3 expresion given by equation (80).
Clearly, for B = o = 0 this reduces to the modified Reynolds analogy. However, for any values of
a and B other than zero, the right-hand side of equation (94) is not necessarily unity.

CONDUCTIVE HEAT TRANSFER
In certain cases it is of interest to consider only the conductive component of heat transfer. In
this case, the heat transfer and Stanton number are defined as follows:

. pwpwte He [ Ty Cp; K;(O) [(Cp2/Cp1) — 1]
Gue = = " p 2B {g © + 7, Coa (1 + [ivs — /2] ME}} ©3)
Chte Gue (96)

- pe tle He [(Tw/Te) — (Twape/Te)]

where (w4pc) refers to conditions at the wall for zero conductive heat transfer.
Therefore, using equation (79) which applies whether we consider gu, or gy, we find from equation
95)

Twape _ [1—@g/2He) (1 — Pu) (1 — Pu {} 4 /"(0) f(O DL + [(ye — 1/2] M7}

; 7
T, K1 (Cp1/Cp2) + Kow + (2 — Lu) [(Cp1/Cyp2) — 1] Ki(0) I1
Also, from physical considerations, for M, 0,
Twave _ (98)

T,

First-order solutions for M¢— 0
It is of interest to compare the value of the skin friction for a given blowing rate to the value for
zero mass transfer. If we let Cy, be the value of the skin friction at zero mass transfer, then to

o(a) only,
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Cy

-3/2
Cr (Cwo) (1 + 0-51a)
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{1 + (B/16)(1 — gw)(1 + 0-894a) + [{1 + (B/16) (1 — gw) (1 + 0-8940)}2 + 54588 (1 + 1-13a)]i}3/2

14+ (B/16) (1 — gug) + [{1

+ (B/16) (1 — gug) 1* + 5458w, *

99
where guw, = (Tw/Te), and we have assumed Py = Py,
In this formula we may use the following approximate relation:
Cyw Pw Hw M3 )] -1
— == |1+ K1y |~ — 1 100
Gy~ (o boNe [ + K (Jtl (100)

where #1 and .#3 are the molecular weights of the two gases. The value of K1y is given by equa-

tion (60).

Similarly, taking terms to o(e) only, and assuming Py = Py,

CHc
CHCO

_ [ew)t (14051a)7
_< )(1+051P2’3a)

Cuwy

{1 + (B/16) (1 — gu) (1 4-0-89a) + [{1 - (B/16) (1 — gu) (L + 0-89a)}2 + 5-458gw (1 + 1'13a)]*}*

1+ (B/16) (1 — guo) + [{1

+ (B/16) (1 — guo) }* + 5-45Bgu,]*

(101)

where we have neglected the second term in equation (80).

First-order solutions for finite M.

It may be seen from equations (26) and (27) that unless the two quantities B[l + {(y. — 1)/2}M?]
and (u%/H,) are both constant, conditions of similarity are violated.
The first order expression for the skin-friction coefficient ratio is given by exchanging g for § in

equation (99).
We also obtain:
Cpl

C
C”” {Klw 2 4 Kow+ (2 —
Heg

DISCUSSION AND COMPARISON OF
RESULTS

The expressions for the skin friction and heat-
transfer coefficient ratios [(Cy/Cr,), (Cre/Cre,)]
in equations (99) and (101) were plotted for
various flow conditions and various injected
gases. The first case to be considered was that
of air injection under stagnation and flat plate
conditions, where the external flow Mach
number was assumed to be negligible. The
present results were compared with the nu-
merical data prepared by Baron [4] where a
temperature ratio (7,/T.) was taken to be 0-8.
It can be seen from Figs. 1(a), 1(b) that for
B = 0 and B = 1 the results are in very close

H. & M.—4E

(o) (),

(102)

agreement throughout the range of 0 << f,, << 0-5.
Outside this range of injection the parameter
o becomes greater than unity, however the
present solution still appears to be fairly
accurate.

This first example indicates that the form of
the solution is correct as far as the parameter
o is concerned. The effect of the temperature
ratio, (Tw/Te), is of interest, and Fig. 2 has
been prepared to accentuate this parameter.
It can be seen that for 0 < (73/T,) << 1 the com-
parison with results from the numerical solution
presented by Reshotko and Cohen [5] is very
good; indicating that the form of the solution
is also reasonable with respect to this variable.
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08

04

A Exact solution [4]
o Present analysis

o2
fo) | ! | i J
0, ol 02 03 04 05
Pw Y
22 .

F1G. 1(a). Effect of air injection on skin-friction coefficient
M, = 0, To/To = 0-8).

10
08 B
o6 B=1
3 o
Sls
04 L 8:0
a Exact solution [4]
O Present analysis
o2} y
[o} | } | | 1
0 ol 02 03 04 o5
PV [R..
V4 Ue f

FiG. 1(b). Effect of air injection on heat-transfer coefficient
(M, = 0, Ty/Te = 0-8).

The third parameter which has a major
effect on the solution for the case of air injec-
tion is the pressure gradient parameter, 8. The
previous analyses indicate that the role of this
factor is correctly represented, but in order to
fully investigate this point, the variation of
f"(0) with B for (Tw/Ts) = 1 was plotted on
Fig. 3. These results are compared with nu-
merical data from a report by Hartree [6], who
carried out an analysis of a single component
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1-0
08I
= [oR:]
=
06 [~
Y % =05
Te .
7 =00
04
o2 A Exact solution [5]
O Present analysis
[o] 1 I 1 | ]
[¢] 01 02 03 04 o5
P Yo f—
p' Ue Rn'

Fic. 2. Effect of T,/T. on heat-transfer coefficient
(M. = 0, air injection).

isothermal boundary layer. These results in-
dicate that the effect of the pressure gradient
is slightly underestimated with respect to the
velocity gradient at the wall. The maximum
error is about 8 per cent. It is clear, therefore,
that while the combined effect of 8 and « appears
to give accurate results, the individual effect
of each is a little in error. The troublesome
term in equation (56) is A48(1 + Bsa) where in
the present analysis 44 = 545 and By = 1-13.
It would seem that the value of A4 is under-
estimated, while that of Bs is overestimated.

12
-0 |-
08 |-
s
N A Exact solution (6]
«w 06 o Present analysis
4
o4}
02 1 | | i g
o] 02 04 BO-G 08 -0

Fi1G. 3. Variation of F”’(0) with g (no injection).
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However, under consideration of the rather
large increase in f (o), the solution from this
viewpoint appears to be satisfactory.

The results so far have demonstrated fairly
convincingly the validity of the present solution
when M, approaches zero, it remains to in-
vestigate the effect of the Mach number on the
solution. The results as predicted by equations
(99) and (102) are shown in Fig. 4 in which we

Y O Present analysis
A M= 3
. om-6
o8 Y
\\ —Heat transfer
---Skin friction
Q
GIG o6l (double scale)
2
\c o h\
Sl S -,
o4f <
\‘Q
&on
0 L ] ] | ]
0 o] 02 03 04 0-5
P Y
v e P
F1G. 4. Effect of Mach number on skin-friction and heat-
transfer coefficients (8 =0, Tw/Te =08, helium
injection).

compare the present results with those from [7].
It may be seen that while the Mach number does
appear to affect the solution, the variation over
the Mach number range considered is small.
It may be concluded that the predicted trend
is acceptable for the case § = 0. The only
remaining situation to be investigated for air
injection is the combined effect of pressure
gradient and Mach number, but since there
appears to be no available exact data, this
comparison cannot be made at the present time.

In the preceding sections the effect of air
injection on the flow parameters has been
investigated. However, it is of great importance
to know the effect of injecting a foreign gas,
since numerical solutions have shown this to
be of particular interest. Two gases were chosen
for which exact data was available, these were
helium and hydrogen. For the former case the
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results were plotted in Figs. 5(a) and 5(b) for
three values of the pressure gradient, while the
temperature ratio was maintained at 0-8. The
heat-transfer coefficient was calculated with

q . 06 A Exact solution [4]
UIG o Present analysis
02} B=0
(o} L I I ] i
0 [o}]] 02 03 04 05
P VY,
Pe U, ‘/E

FiG. 5(a) Effect of helium injection on skin-friction
coefficient (M, = 0, Ty/Te = 0-8).

-0
A Exact solution [4]
o Present analysis
08
(Ist arder only)
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B=1
BA=08
o2}
A=0
0 1 | B J
¢} [oB 02 03 04 0-5
P Y
SerilR.

Fic. 5(b). Effect of helium injection on heat-transfer
coefficient (M. = 0, T,»/Te = 0-8).

the inclusion and omission of the second term
in equation (80). It may be seen that the results
for 8 = 0 are very good, but for 8 = 1, it is
necessary to include the second term to obtain
good accuracy. This necessity arises due to the
increasing magnitude of g, as the specific heat
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ratio, Cp1/Cpe, becomes large. However, taking
this more exact form, the predicted reduction
in the heat-transfer coefficient appears to be
quite accurate for all three values of the pres-
sure gradient. Figure 5(a) shows the variation
of the skin-friction coefficient. It can be seen
that while the values for 8 = 0 are very accurate,
for B = 1 there is a discrepancy. In equation
(101), we have the product of two functions, one
which becomes very small for high «, and
one which becomes very large for high «. Con-
sequently, any inaccuracy in the method be-
comes magnified due to this combination.

A similar analysis was carried out for the
case of hydrogen as the injected gas. The
comments on this comparison are very similar
to those for helium. It may be seen [Figs. 6(a)
and 6(b)] that the same trends are exhibited

e}
8=1
08
o6 A& Exact solution [8]
S G" O Present analysis
0.4._-
B=0
o2
0 1 ] | ! 1
) ol 02 03 04 05
P Yo
S P

F1G. 6(a). Effect of hydrogen injection on skin-friction
coefficient (M, = 0, T)y/Te = 1-0).

but in a more accentuated manner. It is neces-
sary to use the complete expression for I, in
the evaluation of the heat-transfer coeflicient,
and also the over estimation of the skin friction
is present. Probably the large magnitude of
the molecular weight ratio (#2/.#1) gives rise
to the discrepancies. Figure 7 shows the effect
of Mach number on the skin friction and heat-
transfer coefficients. The comparison here is
made with numerical data from [7].
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-0

4 Exact solution (8)
O Present analysis

FiG. 6(b). Effect of hydrogen injection on heat-transfer
coefficient (M. = 0, T/T. = 1:0).

Figures 8 and 9 show the variation of wall
mass friction with injection rate for both
helium and hydrogen. While the values for
zero pressure gradient are fairly close, there is a
definite discrepancy for large values of 8. It
would appear that the present method under-
estimates the value of the wall mass fraction
for high 8.

This data for helium and hydrogen would
suggest that the effect of foreign gas injection
is reasonably accurately predicted, even for
large molecular weight ratios, except in the
prediction of the wall mass fraction for high «
and high B.

CONCLUSIONS

The results would suggest that the approxi-
mate solutions are reasonably accurate over a
wide range of flow conditions. There are several
points of interest which emerge from the
analysis, some of which have been shown by
numerical analyses.

The results show quite clearly the large
reduction of heat transfer which may be obtained
as a result of injection at a relatively modest
rate. Further, the very great improvement in
the efficiency of the process by using a light
injectant gas is also shown. However, there is
seen to be a marked effect of the pressure
gradient on this heat-transfer reduction process.
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FiG. 7. Effect of Mach number on skin-friction and heat-
transfer coefficients (hydrogen injection).
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Fic. 8. Effect of injection on wall mass fraction (M.
0, T,,/Te = 0-8, helium injection).

The introduction of a large pressure gradient,
such as would occur in the stagnation region
of a body, greatly offsets the advantages of
injection and returns the heat-transfer co-
efficient near to its solid wall value. Conse-
quently, one would assume that heat protection
by injection in the stagnation region would be
of greatly reduced effect. However, this is not
quite true if we take into consideration a

o5 [—

03}
H
X
02}
4 Exact solution-[&]
o O Present analysis
o Ref. [i0]
o) i ] I J
o] 04 02 03 04 05
Pu W
F o P

F1G. 9. Effect of injection on wall mass fraction (M.
0, Tw/Te = 1-0, hydrogen injection).

further parameter, the wall temperature ratio,
Tw/Te. It is seen that as this quantity decreases,
the adverse action of the pressure gradient
decreases also. Thus, provided the wall tempera-
ture is maintained considerably lower than that
of the external flow, the advantages of injection
are utilized to their fullest extent.

This approximate method of solution has
great applicability in producing optimum in-
jection conditions when we are concerned with
non-equilibrium flight conditions. Let us, for
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example, consider a body entering the atmos-
phere, and being subjected to deceleration over
atime 7. Let us assume that we wish to minimize
the total heat transfer to the body over the
flight time by the use of injection. It is apparent
from the conclusions drawn earlier that the
injection is more effective when the wall tempera-
ture ratio is lower. Consequently, it is unlikely
that for a given amount of fluid available for
injection purposes, the total heat flux will be a
minimum if we eject this at a constant rate
throughout the given time period. The quantity
we wish to minimize is [T gwdr for a given
value of [T f,ds. This may be solved fairly
easily by a numerical analysis of the various
possibilities.

Perhaps one surprising fact which emerges
from the results, and has also been shown by
numerical procedures, is that the skin friction
may be increased by the injection of a very light
gas, such as hydrogen, while in the presence of
a high pressure gradient. This is due to the
relative effect of the decrease in viscosity and
increase in velocity gradient at or near the
surface, the latter occurring due to the greater
acceleration of the low density gas in the high
pressure gradient regions.

In conclusion, one may say that the approxi-
mate solutions appear to be reliable under most
conditions which may be encountered in
practice. The use of these formulae should be of
great use in either solving simple problems
quickly, or for analyzing more complex flight
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conditions where numerical procedures would
be extremely unwieldly. Possible extensions of
this work may be in the consideration of more
complicated boundary layer conditions such as
vectorial injection, or the inclusion of phenomena
such as dissociation.
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Résumé—Cet article présente une analyse approchée des équations de la couche limite binaire lorsque
le gradient de pression dans ’écoulement extérieur est différent de zéro et lorsque le nombre de Mach
de 1’écoulement n’est pas nécessairement faible. Des expressions pour les coefficients de frottement
et de transport de chaleur sont obtenus en méme temps que des formules montrant explicitement
les effets de P'injection. Les résultats sont comparés avec les solutions numériques exactes dans une
large gamme de conditions d’écoulement, et I'accord est trés étroit.

Zusammenfassung—Diese Arbeit bringt eine Ndherungsanalyse der Zweistoff-Grenzschichtgleichungen
fiir Bedingungen, bei welchen der Druckgradient des dusseren Stromungsfeldes nicht Null und die
Machzahl der Strémung nicht notwendig klein ist. Zusammen mit Formeln, welche die deutlichen
Einfliisse der Querstromung aufzeigen, werden Ausdriicke fiir den Oberfiichenreibungsbeiwert und
die Wirmeiibergangszahl abgeleitet. Die Ergebnisse werden mit genauen numerischen Losungen
fiir einen weiten Bereich von Stromungszustinden verglichen; die Ubereinstimmung ist sehr gut.

AHBoTanUA—DB NAHHO CTAThe PENCTABIEH NPHCIMHKEHHENT AHAIH3 yPAaBHEHHH GMHAPHOTO

CIIOf B YCOBHAX, KOTJA TPAJMEHT HABJIEHUA IOJA BO BHEIIHEM IIOTOKE He PaBeH HYTI0, 4

aueao Maxa [Is II0TOKA Heo6A3aTeNbHO MAN0. YPABHEHMA NIA KO2POUIMEHTOB TPEHU H

Termno0GMeHa BEIBEEHH COBMECTHO ¢ (OpMyJaMy, OTPAKAOLMMH BIMAHUE BAYBa. Pesyin-

TATEL CPABHEHH C TOUHHMI YHCICHHHIMI PEUIeHMAMHU AJA NIMPOKOTO AMANA30HA YCIOBUIH
noroxa, OHA XOPOIIO COTTACYIOTCA.



